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Abstract
A method to construct stably causal Lorentzian metrics on noncompact manifolds is presented. Furthermore it
is shown, that any noncompact manifold admits stably causal Lorentzian metrics with negative sectional curvature
on timelike planes.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
It is well known that any manifold (assumed Hausdorff and second countable) admits a Riemannian,
i.e., positive definite, metric. In contrast to this, a manifold of dimension at least 2, which will be assumed
in the following, admits a Lorentzian metric if and only if it admits a nonvanishing vector field, [6, p. 149].
While this is the case for M compact iff the Euler characteristic χ(M) is zero, any noncompact manifold
has such a vector field.
It would be interesting to know which manifolds could be given Lorentzian metrics satisfying
conditions on causality and curvature of relevance to general relativity. The corresponding problem in
Riemannian geometry of connecting curvature and topology is classical, but in contrast to the typical
Riemannian situation we shall be concerned here only with noncompact manifolds, since these are
relevant in general relativity.
Lorentzian metrics with very nice causality properties can be constructed directly from simpler
ingredients; this will be done in the next section. As a corollary to the existence of such metrics we
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obtain, using a theorem of J.K. Beem, a result on the existence of geodesically complete Lorentzian
metrics, see Corollary 1.
It remains to examine the question of existence of metrics satisfying conditions on both causality
and curvature. The singularity theorems, cf. [5,6], demonstrates the impossibility of combining certain
conditions on causality and curvature with causal geodesic completeness. We shall use the theory on
partial differential relations developed by M. Gromov, cf. [4], to deal with causality and curvature. The
main result on existence of metrics is Theorem 4.
2. Construction of stably causal metrics
In the same way as one could prove existence of a nonvanishing vector field on a noncompact manifold
something stronger can be shown.
Theorem 1. Any noncompact manifold M admits a smooth function f :M → R without any critical
points, i.e., dfp = 0 ∀p ∈M .
This theorem, which is in fact implied by the vector field result via Gromov’s theory, will for
completeness be proved in the final section.
From a function without critical points, a particularly nice Lorentzian metric on M can be constructed.
A time function in a space time is a continuous function f :M→ R, that is strictly increasing along any
future directed causal curve. Existence of such a function is equivalent to another condition called stable
causality [2,5]. From a physical viewpoint stable causality is considered both plausible, at least in some
applications, and restrictive; mathematically it makes things much simpler to have a time function to
work with. The following result then says, that any noncompact manifold can be made into a space time
that is “best possible” with respect to causality:
Theorem 2. Any noncompact manifold can be given a time orientable Lorentzian metric admitting a
smooth time function.
Proof. Let f be a function on M without critical points, and let h be a Riemannian metric. The gradient
of f wrt h, ∇hf , is then a nonvanishing vector field. Now a Lorentzian metric g can be constructed as:
g = h− 2
h(∇hf,∇hf ) h
(∇hf, ·)h(∇hf, ·)= h− 2‖∇hf ‖2 df
2
where ‖ · ‖ denotes the norm wrt h. Inserting ∇hf into g one gets:
g
(∇hf, ·)= h(∇hf, ·)− 2
h(∇hf,∇hf ) h
(∇hf,∇hf )h(∇hf, ·)= df − 2df =−df
so that the gradient of f wrt g is ∇gf =−∇hf . Again by inserting this, it is seen that g(∇gf,∇gf )=
−‖∇hf ‖2, so ∇gf is a smooth timelike vector field. Now df (γ ′)= g(∇gf, γ ′) > 0 when (M,g) is time
oriented by −∇gf and γ : I →M is smooth, causal and future directed, so that f is strictly increasing
along γ . (For more details on time orientation see [2,6].) ✷
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If f is a time function for a space time (Mn, g), the fibers f −1(t), t ∈ f (M), will be (n − 1)-
dimensional Riemannian manifolds with the restricted metric. But typically these fibers, each of which
might be thought of as “space”, will not even be homeomorphic, unless some extra conditions on f are
assumed.
3. Geodesic completeness
Nothing was assumed about the Riemannian metric h in the construction of the stably causal
Lorentzian metric g. By a result of Nomizu and Ozeki, cf. [2], any Riemannian metric is conformally
equivalent to a complete metric. One could ask if geodesic completeness of h would imply completeness
of g. That this is not the case, is shown by examples.
Example 1. h = dt2 + e−2t dx2 is a complete Riemannian metric on R2, cf. [6, p. 209, Lemma 40].
The projection onto the first coordinate t :R2 → R is a function with nonvanishing differential dt and
‖∇ht‖2 = 1. So if g is constructed as above, one gets g =−dt2+e−2t dx2. This metric is not geodesically
complete, in fact the only complete, future directed, timelike geodesics are of the form s → (s, x0), cf.
[2, p. 108].
John Beem has proved, cf. [1], that a space time metric, which satisfies a certain condition called N ,
can be scaled conformally, so that all timelike and lightlike geodesics become complete. The condition
N is satisfied if for each compact subset K ⊂M there is no future inextendible causal curve which is
totally future imprisoned in K . Since “large” (see [1]) subsets of space times satisfying N are actually
stably causal, time functions play an important role on the technical level in Beem’s proof. Condition N
is known to be a rather weak condition on the causality, indeed it is weaker than stable causality (cf. [2,
p. 206]), so there is the following corollary to Theorem 2.
Corollary 1. Any noncompact manifold can be given a time orientable Lorentzian metric that satisfies
causal geodesic completeness.
Many space times used in cosmology are warped products M = I × H and g = −dt2 + φ(t)h,
where I ⊆ R is an interval, φ : I → R+ a smooth function and (H,h) a Riemannian manifold (as in the
example above). In these space times the projection t :M → I is a time function with g(∇t,∇t)=−1,
and therefore the flowlines of the first coordinate vector ∂t are timelike geodesics (i.e., freely falling
observers), see [2, p. 575]. Now if (M,g) is any stably causal space time with smooth time function f ,
then g˜ =−g(∇f,∇f )g satisfies g˜(∇˜f, ∇˜f )=−1 [2, p. 566]. So any noncompact manifold can be given
a space time metric with a “geodesic time function” as in the cosmological models. If this new metric
g˜ is timelike geodesically complete, requiring f (M) = R and that the flow lines of −∇˜f intersects all
fibers f −1(t), then the topology of Mn would be Mn ∼=R×Hn−1, with Hn−1 ∼= f −1(t) (but H need not
be a Cauchy surface). In this case g˜ cannot, in the light of the singularity theorems, satisfy physically
realistic curvature conditions.
4. Curvature and causality via Gromov’s PDR-theory
In this section we shall use Gromov’s theory about partial differential relations; details and explana-
tions of terminology can be found in [4].
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In local coordinates, the curvature of a metric is a function of the partial derivatives up to second
order. A condition on the curvature, like, e.g., negative sectional curvature, is then an example of what
Gromov calls a partial differential relation, hereafter abbreviated PDR. Gromov’s theory is formulated in
the language of fibrations and bundles. Instead of working with the bundle of metrics we shall here treat
the problem from the perspective of immersions into Rq . First a brief explanation of the theory in this
context.
Let X(k) be the kth jet space of mappings M → Rq ; such a map can of course be seen as a section
of the trivial bundle M × Rq . The k-jet of a Ck-map, f :M → Rq , is denoted by jkf , this gives a
continuous section jkf :M → X(k). A section of X(k) which is the k-jet of some map, f :M → Rq , is
called holonomic.
A kth order PDR on mappings f :M → Rq is a subset R⊆X(k). A solution of R is then a Ck-map
f :M →Rq such that the k-jet is a section of R, i.e., jkf maps into R.
A section ξ :M → X(k) that maps into R can be thought of as a formal or algebraic solution of the
PDR. Can such a formal solution be deformed to a real solution in the above sense? A PDR R ⊆ X(k)
is said to satisfy the h-principle if an arbitrary continuous section ξ :M →R is continuously homotopic
through sections of R to a holonomic section which also maps into R, the holonomic section then
corresponds to a solution.
There are stronger forms of the h-principle, but since we are here only interested in the question of
existence and not in the more detailed structure of the space of solutions, the simple version formulated
above will do. If a PDR satisfies the h-principle, the difficult task of finding solutions analytically is
reduced to a problem in algebraic topology (which may still be difficult).
Let Diff(M) denote the group of diffeomorphisms of M . Diff(M) acts on mappings from M to Rq
by pullback; if ψ is a diffeomorphism and f :M → Rq a map, the pullback map is ψ∗(f ) = f ◦ ψ .
This gives a corresponding smooth action on the jet bundles in an obvious way. A relation R is called
Diff(M)-invariant if it is preserved by the action of Diff(M) on X(k), i.e., if the pullback of an element
in R is again in R. A relation is open if it is open as a subset of X(k).
We are now ready to state Gromov’s result, cf. [4, p.79].
Gromov’s Theorem. An open and Diff(M)-invariant PDR on a noncompact manifold satisfies the h-
principle.
Remark 1. A remark on the order of differentiability. A Ck-solution of a k-th order relation can be
approximated by C∞-maps, and when the relation is open, these approximating maps can be brought to
satisfy the PDR, cf. [4, p. 3]. Therefore the existence results in Theorems 3 and 4 may refer to smooth
objects.
The first jet bundle X(1) of mappings into Rq can be identified with
X(1) = εq ⊕ T ∗M ⊕ · · · ⊕ T ∗M︸ ︷︷ ︸
q times
,
where εq denotes the trivial bundle M ×Rq . Here εq corresponds to values, while
T ∗M ⊕ · · · ⊕ T ∗M︸ ︷︷ ︸
q times
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corresponds to differentials of mappings into Rq . The differential of a map F :M → Rq is considered
as q exact 1-forms, dF = (df1, . . . , dfq), i.e., the differentials of the coordinate functions.





An immersion F :M →Rq1 shall be called Lorentzian if the induced metric on M , F ∗(g), is Lorentzian.




i . If F :M → Rq is a Lorentzian immersion, the first
coordinate function f1 is a time function for the induced metric. F is an immersion if df1, . . . , dfq span
each T ∗pM .
The condition of being a Lorentzian immersion is a PDR, J ⊂ εq ⊕ T ∗M ⊕ · · · ⊕ T ∗M , where the
fiber over each p ∈M consists apart from the irrelevant values x ∈ Rq of 1-forms ω1, . . . ,ωq that span




i is a Lorentzian metric on TpM . This relation
is open and Diff(M)-invariant so that the h-principle is satisfied if M is noncompact.
Theorem 3. If a noncompact M has an immersion into Rq , then it also has a Lorentzian immersion
F :M →Rq+11 . In particular any noncompact manifold has a Lorentzian metric with a time function.
Proof. Since M can be immersed into Rq there are 1-forms ω1, . . . ,ωq that span T ∗pM at each point, so
that h =∑qi=1ω2i is a Riemannian metric on M . Let now ω0 be a nonvanishing 1-form, which can be





is Lorentzian. The 1-forms
√
2ω0,ω1, . . . ,ωq together with some continuous map φ defines a section of
the Lorentzian immersion relation. This section is by the h-principle homotopic to a holonomic one. ✷
Curvature is determined by the derivatives up to second order of the metric, so since the induced metric
is determined by the first derivatives of an immersion, a curvature condition on an immersion seems to
be a third order relation. But by the Theorema Egregium sectional curvature is determined by the second
fundamental form and this again is determined by derivatives up to second order, so that all in all a
condition on sectional curvature of the induced metric is a second order PDR.
We now need to study second order jets of immersions into Rq1 . First of all “the second fundamental
form of the immersion F ” makes sense, since locally F is an embedding F :U → F(U) ⊆ Rq1 . The
pullback to M of the second fundamental form of the piece F(U) then becomes for p ∈U a symmetric,
bilinear form on TpM with values in the orthogonal complement to dFp(TpM), F ∗(II)p(v,w) =
IIF(p)(dFp(v), dFp(w)).
In local coordinates the tangent space inside Rq1 , dFp(TpM), is spanned by the vectors ∂∂xi F , i = 1,




)= PN( ∂2∂xi∂xj F ), where PN
is the orthogonal projection onto the orthogonal complement of the tangent space (in Rq1 ).
Now, in normal coordinates (for the induced metric) around a point p ∈M , the Christoffel-symbols
Γ kij ’s all vanish at p. The Γ ’s determine the tangential part of the ∂
2
∂xi∂xj
F ’s, hence the second order
derivatives are normal at p in these coordinates and are determined by the second fundamental form
alone. Therefore the 2-jet of an C2-immersion F :M → Rq1 is determined by the differential and the
second fundamental form; algebraically an injective linear mapping Ψp :TpM → TxRq1 and a quadratic
form TpM→ Ψp(TpM)⊥, at a point p ∈M .
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The sectional curvature of the induced metric on M is by the Gauss equation (cf. [6]):
K(v,w)= g(F
∗II(v, v),F ∗II(w,w))− g(F ∗II(v,w),F ∗II(v,w))
F ∗(g)(v, v)F ∗(g)(w,w)− F ∗(g)(v,w)2 ,
for v,w ∈ TpM which span a nondegenerate tangent plane. Here g denotes again the Minkowski-metric
in Rq1 . For Lorentzian immersions the denominator is negative on timelike planes, which here is the
interesting case. So in order to have negative curvature on timelike planes, one must make the numerator
positive.
The condition of being a Lorentzian immersion with negative sectional curvature on timelike planes,
is then a second order PDR on mappings F :M → Rq1 . A continuous section of the relation can by the
above be identified with: a continuous map φ :M → Rq1 , a continuous family of injective linear maps
Ψp :TpM →Rq1 such that Ψ ∗p (g) is Lorentzian, and finally a continuous quadratic form Q with values in
Ψp(TpM)
⊥ for each p ∈M , such that the numerator in the Gauss equation becomes positive.
The following theorem states that all noncompact manifolds can be given “interesting” Lorentzian
metrics, i.e., a metric that satisfies useful conditions on both causality and curvature. The condition
Ric(ξ, ξ)  0, nonnegative Ricci-curvature on timelike tangent vectors, is called the strong energy
condition and is an often imposed, physically reasonable condition, [2,5,6]. Stronger than this is the
condition of having negative sectional curvature on all timelike 2-planes, K(σ) < 0 for σ timelike.
Theorem 4. Any noncompact manifold has a Lorentzian immersion into Rq1 , for some q > 2, with
negative curvature on timelike planes for the induced metric. In particular any noncompact manifold can
be given a Lorentzian metric with a time function and K(σ) < 0 for timelike planes, and hence especially
Ric(ξ, ξ) > 0 for timelike tangent vectors.
Proof. The relation is clearly Diff(M)-invariant; the pull back of a map satisfying the conditions will
again fulfill these. It is also open by continuity. The h-principle is then satisfied. Let now φ :M→Rq1 be
some Lorentzian immersion, this map and its differential gives the first two parts of the desired section.
Consider φ as an immersion intoRq+11 , then surely the last vector eq+1 restricted to φ gives a nonvanishing
normal vector field on φ. Define Q= h(eq+1 ◦ φ) (i.e., restriction to φ), for some Riemannian metric h
on M . The numerator in the Gauss equation becomes h(v, v)h(w,w) − h(v,w)2 > 0, with this Q,
mimicking a second fundamental form. So a section of the relation is created, and this is then homotopic
to a holonomic one. ✷
Remark 2. Note that no assumptions about geodesic completeness of the metric have been made. Also
note that by essentially the same method it can be proved, that any noncompact manifold admits a (not
necessarily complete!) Riemannian metric with strictly positive sectional curvature. This is also true for
negative curvature, cf. [4].
5. Proof of Theorem 1
The simple idea in the proof is to modify a function with isolated critical points by sending these “off
to infinity”, and thereby constructing a sequence of functions which will converge to a function without
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critical points; a method that applies to other tensorial objects as well. The construction must be done in
a careful manner in order for everything to go well.
Let now M be a noncompact, connected manifold. A subset of M will be called bounded if it is
relatively compact and unbounded if not.
There will always be an increasing sequence of compact subsets Ki , such that M = ⋃∞i=1 Ki and
Ki ⊂ K◦i+1. The components of the complements of the compact subsets need not be unbounded. That
this condition also can be satisfied, simply by joining each Ki with the relatively compact components of
its complement, is shown in [3, pp. 186–187].
Lemma 1. There is an increasing sequence of compact subsets K0 = ∅ ⊂ K1 ⊂ K2 ⊂ · · ·, such that:
Ki ⊂ K◦i+1, M =
⋃∞
i=1 Ki , and furthermore for each i ∈ N all connected components of M − Ki are
unbounded.
Lemma 2. Let K0 = ∅ ⊂ K1 ⊂ K2 ⊂ · · · be a sequence of compact subsets as in Lemma 1, let
p ∈Ki −Ki−1 for some i ∈N, and let U denote the connected component of M −Ki−1 that contains p.
There will always exist a smooth, regular and injective curve γ : [−1,1[→ U , such that p = γ (0) and
the image γ ([−1,1[) is closed and unbounded (“γ goes to infinity”, this will ensure that γ (] − 1,1[) is
an embedded submanifold).
Proof. U is open, connected and unbounded, and therefore for each j ∈ N there will be a pj in
U ∩ (Ki+j −Ki+j−1). Now let U be given some complete Riemannian metric (as can always be done).
For each j , p and pj can be joined by a minimal geodesic γj , with ‖γ ′‖ = 1. Since the unit sphere
(wrt the Riemannian metric on U ) in TpM is compact, there will be some subsequence {jk}k∈N such that
γ ′jk converges to a unit vector v ∈ TpM . Now the geodesic with γ ′(0) = v will be a so called geodesic
ray. By reparametrizing this curve, and “cutting it off” a little before p, γ can be made to satisfy the
conditions. ✷
Let p and U be as in the lemma above, and let N ⊂ U be a normal neighbourhood of γ (] − 1,1[)
(again wrt some Riemannian metric on U ), cf. [6, pp. 199–200]. The velocity field γ ′ can be extended
to a smooth vector field X on N , e.g., by parallel translation of γ ′ along geodesics normal to γ . Let
φ :M → [0,1] be a smooth function with support supp(φ)⊂ N and φ|γ [0,1[ = 1. Such a function exists
because γ ([0,1[) is closed. Now define a vector field Y on M by: Y = φX on N and Y = 0 outside N .
Let Mt ⊆ M denote the domain of the t th stage of the flow of Y, µt :p → µ(t,p), this is an open
submanifold. By construction γ|[0,1[ will be an integral curve of Y, which is incomplete to the right,
hence M1 is a proper subset of M and γ ([0,1[)∩M1 = ∅. Also by construction µt is the identity outside
supp(φ)⊂N ⊂U , and all integral curves of Y will be complete to the left, so Mt =M , ∀t  0. Now for
t > 1, µ−t :M →Mt is then a diffeomorphism from M to a proper, open subset, that does not contain
p = γ (0). Thus we have constructed a diffeomorphism, that sends p off to ∞.
We now let f :M → R be a smooth function with isolated critical points (e.g., a Morse function).
The critical points of this function will be removed one by one using the procedure above. Let K0 =
∅ ⊂ K1 ⊂ K2 ⊂ · · · be a sequence of compact subsets as in Lemma 1. Let p be a critical point of f ;
there is exactly one i ∈N, such that p ∈Ki −Ki−1. As above construct a diffeomorphism ψp :M → Vp
with ψp|Ki−1 = idKi−1 , where Vp is a proper, open subset of M and p /∈ Vp . By choosing the tubular
neighbourhood sufficiently small, ψp can be constructed such that critical points of f , that belongs
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to Vp, are fixed points of ψp , so that any critical points of f that are not removed, will be left unchanged.
This means that though in an actual construction of the sequence of functions (see below), infinitely
many choices might have to be made, these choices can be made independently of each other. Since M
is second countable, f will have at most countably many critical points; let {pk}k∈N be an ordering of
these. Define a sequence of smooth functions as:
fk =ψ∗pk (fk−1)= fk−1 ◦ψpk = f ◦ψp1 ◦ · · · ◦ψpk .
The critical points of fk are exactly the critical points of fk−1, that belongs to Vpk . If K ⊂M is a compact
subset, then there will be some j ∈N, such that K ⊆Kj . As the critical points are isolated, there will be
only finitely many of these in Kj and therefore a k ∈N, such that pi /∈Kj for i > k. Hence fi(x)= fk(x)
for i > k and x ∈K ⊆Kj . By construction fk has no critical points in Kj . The existence of a sequence
of functions, such that f˜ = limi→∞ fi is a well defined, smooth function without any critical points, has
been justified. ✷
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